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Geometric Phases and Andreev Reflection in Hybrid Rings
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We study the Andreev reflection of a hybrid mesoscopic ring in the presence of a crown-like
magnetic texture. By calculating the linear-response conductance as a function of the Zeeman
splitting and the magnetic flux through the ring, we are able to identify signatures of the Berry
phase acquired by the electrons during transport. This is proposed as a novel detection scheme of
the spin-related Berry phase, having the advantage of a larger signal contrast and robustness against
ensemble averaging.
PACS numbers: 73.23.-b,74.45.+c,03.65.Vf,85.75.-d
I. INTRODUCTION
Ferromagnet-superconductor (FS) hybrid systems are
an attractive subject of research because of the compe-
tition between the spin asymmetry characteristic of a
ferromagnet (due to the spin-splitting induced by the
exchange field) and the correlations (occurring among
electrons belonging to opposite spin species) induced by
superconductivity. At low energies, electronic transport
in mesoscopic FS hybrid systems is dominated by An-
dreev reflection1. For excitation energies below the su-
perconducting gap ∆, single electrons coming from the
ferromagnet cannot penetrate into the superconductor.
Nevertheless, a current can flow due to the Andreev re-
flection process: A spin-up particle in the majority band
is reflected at the FS interface back into the minority
band as a spin-down hole, leading to the formation of
a Cooper pair in the superconductor. Andreev reflec-
tion, however, is suppressed by increasing the exchange
field of the ferromagnet up to the limiting case of a half-
metal, where only one spin species has a finite density of
states and the current vanishes. Starting from the ear-
lier experimental2,3 and theoretical4 investigations, the
research activity in this subject has increased rapidly in
the last few years5 due to the interest in spintronics6.
If the ferromagnet contains a tunnel insulating (I) bar-
rier, to form a FIFS structure, multiple scattering takes
place giving rise to quasi-bound states that can be re-
solved in the linear-response conductance by resonant
Andreev tunneling (RAT)4. This is a quantum inter-
ference effect between particles and holes of opposite
spin owning different wave vectors because of the relative
Zeeman splitting. Another important quantum interfer-
ence effect in hybrid structures is the Andreev interfer-
ence, which occurs in systems with at least two supercon-
ducting regions kept at different superconducting-order-
parameter phases7.
For nonuniform magnetizations (magnetic textures)
further interference is expected due to the presence of
additional spin-related phases of geometric origin, usu-
ally referred to as Berry phases8. Berry phases arise
when the carriers spin adiabatically follow the magnetic
texture and stay (anti)align with it during transport.
They manifest as an effective spin-dependent magnetic
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FIG. 1: Hybrid magnetic-superconducting ring setup. The
ring is subject to a magnetic texture h(α) which couples to
the carriers spin. The coupling points of the ring (denoted
by small filled circles) are attached to a normal lead (on the
left-hand-side) and to a superconducting lead (on the right-
hand-side). Andreev reflection is the only contribution to the
subgap conductance GMS.
flux of geometric origin (geometric flux) and their mag-
nitude is proportional to the corresponding solid an-
gle accumulated by the spins. In mesoscopic physics,
Berry phases have been extensively investigated by con-
sidering their effects in normal Aharonov-Bohm (AB)
interferometers9,10,11,12,13 and multiple efforts have been
done for detection14,15,16,17,18,19,20.
In this paper we bring together these two distinct phys-
ical phenomena (Andreeev reflection and Berry phases)
by studying the Andreev conductance of an hybrid one-
dimensional (1D) mesoscopic ring in the presence of a
magnetic texture (Fig. 1). The proposed setup permits to
identify the signatures of magnetic and geometric phases
in the energy spectrum of hybrid ring geometries21. Our
work can be considered an alternative proposal for the
detection of Berry phases: Andreev reflection has the ad-
vantage of including particle-hole phase correlations that
allow for a larger signal contrast and a high sensitivity to
the magnetic/geometric flux-dependent splitting of qua-
sibound states. Unlikely the case of normal systems, this
is true even for ensemble-averaged quantities.
2II. ANDREEV REFLECTION AND MAGNETIC
TEXTURES
Let us introduce the Bogoliubov-de Gennes (BdG)
equation for particle (p) and hole (h) spinors (Ψp and
Ψh, respectively). This reads
25
(
H0 1
¯
+ h · σ ∆
−∆∗ −(H0 1
¯
+ h · σ)∗
)(
Ψp
Ψh
)
= E
(
Ψp
Ψh
)
,
(1)
where E is the quasiparticle energy measured from the
condensate chemical potential µ = EF equal to the Fermi
energy, H0 = Π
2/2m+V −µ is the single-particle Hamil-
tonian with generalized momentum Π = p + (e/c)Aem
(e > 0) and impurity potential V (r), h(r) is a position-
dependent exchange field describing a magnetic texture,
σ is the Pauli matrix vector,
∆(r) =
(
0 ∆(r)
−∆(r) 0
)
, (2)
where ∆(r) is the particle-hole coupling field (supercon-
ducting order parameter), and 1
¯
is the (2×2) unit matrix.
The BdG equation (1) can be used for studying trans-
port in magnetic-superconducting (MS) hybrid junctions,
where FS junctions with uniform magnetization are just
a particular case. Locating the MS interface at x = 0,
we assume a stepwise superconducting order parameter
∆(r) = Θ(x)∆0
26. The conductance of the hybrid sys-
tem can be calculated by using a scattering approach.
For energies 0 ≤ E < ∆0 the only contribution to the
conductance is given by Andreev reflection. However,
while in usual FS junctions an incoming spin-up particle
is eventually reflected as a spin-down hole, in MS systems
the situation is different: Due to the presence of spin-flip,
an incoming spin-up particle can be reflected as a hole ei-
ther with spin up or down, opening an additional channel
for Andreev reflection27. The zero-temperature scatter-
ing formula for the subgap linear-response conductance
GMS of a single-channel MS hybrid structure is given
by4,28,29,30
GMS =
2e2
h
∑
σ′σ
|rσ′σhp |2, (3)
where rσ
′σ
hp is the Andreev reflection amplitude for in-
coming particles with spin σ to outgoing holes with spin
σ′ calculated at E = 0. The Andreev reflection matrix
(r
¯hp
)σ′σ ≡ rσ′σhp can be written in terms of the scattering
amplitudes of the system when the superconducting lead
is replaced by a normal lead4,31:
r
¯hp
= t
¯
′
h̺
¯hp
[1
¯
+ r
¯
′
p̺
¯ph
r
¯
′
h̺
¯hp
]−1t
¯p
, (4)
where, at the Fermi energy,
̺
¯hp
=
(
0 i
−i 0
)
(5)
is the Andreev-reflection amplitude matrix at a perfect
NS interface for incoming particles (̺
¯ph
= ̺
¯
∗
hp
for incom-
ing holes). In Eq. (4), t
¯p
and t
¯
′
h refer, respectively, to
particle left-to-right and hole right-to-left transmission
amplitudes, while r
¯
′
p(h) refers to particle (hole) right-to-
right reflection amplitude. Eq. (4) can be further simpli-
fied by using the particle-hole symmetry of the S-matrix
and writing the hole amplitudes in terms of particle ones.
III. ANDREEV REFLECTION IN A HYBRID
MS RING
We now apply the above formulation for the study of
the hybrid ring geometry shown in Fig. 1. The setup con-
sists of a ballistic single-channel metallic ring of radius
a subject to a crown-like magnetic texture h(α) charac-
terized by the tilt angle α. The field h(α) can either
be generated by a micromagnet14,15 or describe the ex-
change field in a ferromagnetic ring32,33. The magnetic
texture owns a solid angle Ωg(α) = 2π(1 − cosα) which
give rise to geometric phases in the regime of adiabatic
spin transport8,34. In addition, a magnetic flux φ is also
allowed through the ring. For the sake of clarity h(α)
and φ will be considered independent. This permits to
separate the effect of magnetic phases originated by φ,
from geometric phases depending on α. Moreover, the
ring is coupled to a normal lead (N) at the left and
a superconducting lead (S) at the right. The coupling
to each lead is described by a three-terminal scattering-
matrix model35,36 where incoming quasiparticles from
the left-hand-side (right-hand-side) lead are transmitted
into the two branches of the ring with equal probability
0 ≤ εN(εS) ≤ 1/2. Reflection occurs with probabilities
1− 2εN and 1− 2εS. In particular, for εN = εS = 0, the
ring is completely isolated from the leads. We calculate
the Andreev reflection amplitude (4) by using a spin-
dependent transfer-matrix approach36 generalized to the
case of asymmetric coupling to the leads (εN 6= εS).
By adjusting the coupling to the leads it is possible to
go from the RAT regime (for εN ≪ εS ≈ 1/2) to the reso-
nant normal tunneling (RNT) regime (for εN, εS ≪ 1/2).
On the one hand, RAT reflects the presence of Andreev
quasibound states determined by the multiple particle-
hole scattering, occurring between the contacts, and rep-
resented by the factor [1
¯
+ r
¯
′
p̺
¯ph
r
¯
′
h̺
¯hp
]−1 in Eq. (4). On
the other hand, RNT is controlled by the ordinary quasi-
bound states determined by the ring itself (being weakly
coupled to both leads) and represented by the trans-
mission amplitudes t
¯p
and t
¯
′
h. In both RAT and RNT
regimes quasibound states are resolved in the linear-
response conductance GMS.
We study GMS for different field and geometry configu-
rations by calculating the normal transmission and reflec-
tion amplitudes present in Eq. (4). By setting εN = 0.1
(≪ 1/2) we force Andreev-reflected particles and holes to
be trapped within the ring for some time before escap-
3FIG. 2: GMS vs Q and εS for a weakly coupled N lead (εN =
0.1), φ = 0, and three different values of energy corresponding
to ℓ = 100, 100.25 and 100.5. The left panel shows results for
a uniform texture (α = 0, φg = 0). In the right panel a
nonuniform texture (α ≈ 26◦) introduces a small geometric
flux φg = 0.05φ0 leading to a splitting of the pattern.
ing, favoring the development of quasibound states. It is
convenient to characterize the effective Zeeman splitting
|h| by introducing
Q = aδk, (6)
with δk = k↓ − k↑, k↓,↑ = kF
√
1± z, z = |h|/EF, and
EF = ~
2/2mk2F. The quantity 2πQ is the relative phase
accumulated between up particles and down holes in a
single round trip around the ring because of their dif-
ferent wave vectors. In the limit z ≪ 1 (where most
interesting physics happens37) we can write Q ≈ ℓz,
with ℓ = kFa the dimensionless angular momentum of
the carriers. Additional spin-related phases arise exclu-
sively from the nonuniformity of the magnetic texture
(α 6= 0). In the limit in which the spins adiabatically
follow the magnetic texture during transport the corre-
sponding wave functions accumulate a geometric Berry
phase. This depends only on α and the spin orienta-
tion σ =↑, ↓ relative to the local field. The Berry phase
manifests itself in the form of an effective geometric vec-
tor potential Aσg (α) to be added to Aem in the kinetic
term of Eq. (1). This forces the carriers to experience
an extra spin-dependent flux φσg (α) = σφg(α), where
φg(α) ≡ φ0Ωg(α)/4π = φ0(1 − cosα)/2 and φ0 ≡ hc/e
(flux quantum). Therefore each spin-carrier feels a total
effective flux φ + σφg
9,10,12. The amount of geometric
flux through the ring is characterized by φg, which goes
from zero, for α = 0, to φ0, for α = 180
◦. For the setup
of Fig. 1 the adiabatic limit corresponds to the condition:
Qα ≡ Q/| sinα| ≫ 138, so that adiabatic spin transport
can be guaranteed for all α by setting Q ≫ 139. Taking
into account that GMS is periodic in Q (at least for ballis-
tic systems with z ≪ 14), we can formally limit our dis-
cussion to small values of Q without loss of generality40.
IV. RESULTS AND DISCUSSION
From now on we present the results of our calcula-
tions for the Andreev conductance of hybrid rings and
discuss the signatures of spin-related phases. The results
are shown in a series of density plots (Figs. 2-6) for the
normalized GMS, running from 0 (white) to 1 (black).
We first discuss how different tunneling regimes arise
by varying the coupling εS and consider the simplest case
of a uniform texture (α = 0), where geometric phases are
absent. The normal conductance of a partially coupled
ballistic ring depends strongly on Fermi energy due to
the presence of quasibound states, oscillating between
maxima for integer ℓ (resonance with an eigenstate of
the closed ring) and minima for half-integer ℓ (out of
resonance)35. Analogous features are observed in the
conductance of a hybrid ballistic ring, as illustrated in
Fig. 2(left) where we plot GMS for three different values
of ℓ = 100, 100.25 and 100.5 as a function of Q and εS
with φ = 0. For perfect coupling (εS = 1/2) narrow
Andreev quasibound states develop, producing large RAT
peaks in the conductance GMS at half-integer values of Q,
corresponding to a relative accumulated-phase difference
between up particles and down holes of π, independently
of ℓ. These resonances are dominated by the second or-
der contribution to r
¯hp
, in Eq. (4), corresponding to the
round trip which includes three Andreev reflections at
the S contact and two normal reflections at the N con-
tact. Moreover, the fact that GMS is independent of ℓ
reflects the absence of ordinary bound state in the ring.
These behaviors are analogous to the case of a planar
FIFS junction of width L = πa.4
For εS < 1/2, the peaks relative to the different val-
ues of ℓ separate as the carriers start to suffer normal
reflection at the right-hand-side coupling point of the
ring41. As εS is diminished further, the S lead gradually
decouples from the ring, eventually reaching the RNT
regime resulting from the formation of ordinary quasi-
bound states. For εS ∼ 0.1, GMS shows peaks only for
integer and half-integer values of ℓ, now at integer Q.
These behaviors can be understood as follows. Finite
contributions to GMS comes from a sequence of two co-
herent processes. The first one consists in a spin-up par-
ticle tunneling through the ring from left to right via a
resonant level (with amplitude t↑p). The second process
consists of a spin-down Andreev reflected holes at the
S interface tunneling through the ring from right to left
via a resonant level (with amplitude t′
↓
h). The Andreev
reflection amplitude r
¯hp
is finite only if, at the Fermi en-
ergy, the two levels coincide (spin-degeneracy condition).
In the absence of any flux this happens only at integer
values of Q.
One can expect the conductance features of Fig. 2(left)
to be sensitive to additional quantum phases introduced
in the system. In closed hybrid rings, for example, An-
dreev and ordinary bound state energies are found to
split for a finite flux φ22,24. In Fig. 2(right), which corre-
sponds to Fig. 2(left) in the presence of a small geometric
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FIG. 3: 〈GMS〉ℓ vs Q,φg for φ = 0. The coupling εN = 0.1
and εS = 1/2 favors RAT. Resonances show a splitting q a
function of φg.
flux φg = 0.05φ0 (nonuniform texture with α ≈ 26◦), it
is shown that all the resonances are indeed split.
In order to get a more general picture, independent of
the particular value of the Fermi energy, it is convenient
to average GMS with respect to ℓ over a range δℓ & 1.
We shall denote such an average by 〈GMS〉ℓ. This cor-
responds either to an average on the kinetic energy of
the incoming particles in an energy window of the order
of the mean level spacing of the ring or, alternatively,
to a sample average for an ensemble of rings of different
size. Note that it is not equivalent, as in the case of nor-
mal systems, to a finite temperature since the average
is performed on the reference energy, EF = µ, and not
on the excitation energy E which is fixed to zero. In a
normal system, such an average makes any trace of res-
onant transport in the conductance unlikely, since δℓ is
larger than the necessary resolution. For a hybrid system
as considered in this work, the situation is different: For
ℓ≫ δℓ it is 〈Q〉ℓ ≈ Q and corrections δQ ≈ Qδℓ/ℓ, lead-
ing to dephasing between particles and holes with oppo-
site spin, can be neglected. This is very interesting since
it means that, in this limit, phase correlations leading
to narrow Andreev reflection resonances are kept. This
outstanding property shown by hybrid setups appears as
a great advantage over normal ones. It permits the study
of spectral features that otherwise could remain inacces-
sible.
We note, in Fig. 2(left), that while for a given ℓ the
conductance GMS has a periodicity 2 as a function of Q,
the plot including three values of ℓ shows periodicity 1
in Q. We shall therefore expect a period halving in the
energy-averaged GMS.
Results for 〈GMS〉ℓ, averaged over 100 ≤ ℓ ≤ 102, as
a function of Q and φg in the absence of magnetic flux
(φ = 0) are organized in Figs. 3, 4, and 5 for different
coupling εS. For εS = 1/2, Fig. 3, we find a splitting
q = 2φg/φ0 of the original RAT peaks located at half-
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FIG. 4: Idem Fig. 3 now for a partial coupling εS = 0.4.
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FIG. 5: Idem Fig. 3 now with small εS = εN = 0.1 (weakly
coupled ring). This favors RNT.
integer Q (see Fig. 2). In addition, ”new” narrow RAT
peaks with similar splitting and relative shift φ0/2 show
up for finite φg. They have origin in the integer and half-
integer ℓ-branches of Fig. 2(left) which suffer an abrupt
splitting for a finite flux, Fig. 2(right). For a partial
(more realistic) coupling εS = 0.4, Fig. 4, we first ob-
serve that the RAT peaks split as a function of φg at
different points due to the ℓ-dependent splitting already
present for zero flux, Fig. 2(left). More interesting is,
however, the increase of the slope |∂q/∂(φg/φ0)| > 2.
This tendency reaches its maximum for small εS = 0.1,
Fig. 5, where the ring is weakly coupled to both leads
and RNT dominates. There we see well defined branches
which split with a slope |∂q/∂(φ/φ0)| = 4, doubling
that of Fig. 3. We note that Fig. 5 reproduce the spin-
degeneracy points of a closed normal ring.
It is interesting to notice that plots equal to those pre-
sented in Figs. 3, 4 and 5 can be obtained for a uniform
magnetic texture (α = 0), in the presence of a finite
5magnetic flux φ, by replacing φg → φ in the horizontal
axis. However, for a nonuniform magnetic texture an ef-
fective interplay between the two phases φ and φg takes
place. This case can be implemented by using the com-
plete spin-dependent effective flux φ+σφg in the normal
amplitudes of Eq. (4), leading to a rich pattern which
does not correspond to a simple shift along the flux axis.
Instead, a multiple splitting arise in both Q and flux
axis, which actually permits a clear distinction between
magnetic and geometric flux contributions. As an exam-
ple we show in Fig. 6 results for a weakly coupled ring
(εS = εN = 0.1) where we plot 〈GMS〉ℓ as a function of Q
and φg in the presence of a finite magnetic flux φ = 0.1φ0,
to be compared with Fig. 5. The distinctive features are
the following. The vertical line of vanishing GMS present
in Fig. 5 for φg = φ0/2, in the presence of a magnetic
flux is split into two lines occurring at φg = φ0/2 ± φ
(see Fig. 6). This happens because the transmission am-
plitudes t↑p and t
′↓
h , in Eq. (4), vanish at different values
of φg, namely at φg = φ0/2− φ for spin-up particles and
φg = φ0/2 + φ for spin-down holes. Moreover, we find
that the horizontal resonance lines occurring at integer
Q in Fig. 5, in the presence of a magnetic flux appear
at integer values of Q± 2φ/φ0 (see Fig. 6). This reflects
the fact that the spin-degeneracy condition depends on
both geometric and magnetic fluxes. We further notice
that the plot in Fig. 6 is invariant under the interchange
φg ↔ φ. Namely, calculating 〈GMS〉ℓ vs Q,φ for a fi-
nite φg = 0.1φ0 (α ≈ 37◦) give rise to an equal plot
where GMS now vanishes at vertical lines φ = φ0/2± φg
and horizontal resonance lines appear at integer values of
Q±2φg/φ0. Such depiction is more appropiate for possi-
ble experimental realizations where the magnetic texture
is weakly dependent on the external field producing the
magnetic flux φ.
Finally, we note that in general the Zeeman splitting
Q will be a function of the applied flux φ. However,
the behavior of the Andreev conductance as a function
of φ for a varying Q can still be seen from Figs. 3-6.
One simply needs to specify a relationship between the
applied φ and Q (which would depend on α), defining a
path in the (Q,φ)-plane. Moreover, Q is not expected to
vary much in the scale of one quantum of flux. Hence,
for a given total flux, small variations around it should
keep Q constant.
V. COMMENTS AND CONCLUSION
We studied signatures of spin-related geometric and
magnetic phases in the linear-response Andreev conduc-
tance GMS of hybrid mesoscopic rings subject to a mag-
netic texture. GMS appears to be very sensitive to both
the single and combined effect of geometric and mag-
netic phases, even after an ensemble average. This con-
stitutes a promising alternative proposal for the detec-
tion of spin-related geometrical phases and their inter-
play with AB magnetic ones. We focused on ballistic sys-
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FIG. 6: 〈GMS〉ℓ vsQ,φg for a finite φ = 0.1φ0, to be compared
with Fig. 5. The additional splitting allows for a separation
of the φ and φg contributions.
tems. However, the introduction of weak disorder does
not change significantly the results, leading mainly to
some loss of contrast in the GMS density plots
42. Similar
effects are observed when considering asymmetric bal-
listic rings where the arms present a (small) difference
in length42. Moreover, the conductance features found
can be smoothed away by some phase averaging aris-
ing for large Q, specially in the presence of disorder4.
The latter can also risk the assumption of adiabatic spin
transport43. However, non-adiabatic Aharonov-Anandan
phases44 can still lead to similar results42.
We finally mention that recently developed meso-
scopic magnetic structures based on paramagnetic n-
doped diluted-magnetic-semiconductors in combination
with micromagnets45 and ferromagnetic rings32,33 could
be consider as possible candidate systems.
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